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Abstract 
Laser Texturing and Laser Engraving of free form surfaces are interesting alternative to EDM and micro milling in the fabrication of moulds 
and dies. The material removal rate of this process is typically very low and the maximum working area is limited by the maximum travel range 
of the galvanometric scanning head and also by the maximum deflection of the scanner or the surface curvature. As a consequence, in order to 
manufacture large or free form surfaces, a set of placements of the scanning head respect to the work piece must be calculated and controlled 
by the CNC. 
The number of these placements can be quite high due the small amount of material removed in each of them and the non-operative time spent 
to move the scanning head can be relevant compared to the overall time. In this work a method based on the solution of the Traveling Salesman 
Problem is proposed with the aim to optimise the number of displacements of the scanning head and generally in order to reduce the number of 
movement of the numerically controlled axes. 
The method that takes into account both the architecture and the dynamic characteristics of a 5 axis CNC system was implemented in the 
CALM (Computer Aided Laser Manufacturing) software used to program the laser path for part texturing and applied in industrial cases. 
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1. Problem Description. 
The application of laser technology in manufacturing 
processes has increased very quickly in the last years. Many 
thermal processes like welding, cutting but also milling use 
this kind of heat source. Laser manufacturing have a lot of 
advantages than traditional machining: higher speed and 
precision are guaranteed due to the physical characteristics of 
laser radiations and the contact-less work method. 
Nevertheless, the differences between laser technology and 
conventional machining cause some peculiar and critical 
issues due to the nature of the interaction between the tool and 
the raw surface. In conventional milling, the material is 
removed due to the shearing forces exchanged between tools 
and work-piece. Laser technology interacts with the material 
by means of a thermal process that heats up the material until 
the evaporating temperature or above the ablation threshold. 
An important issue of Laser Texturing (LT) is well evident 
when the laser operates by overlapping paths. In Fig. 1 is 
showed a typical overlapping working area and the error 
generated during a laser machining in comparison with a 
traditional machining. 
 
Fig.1 – Error due to overlapping paths. 
To solve the mentioned problem, a partition of the working 
area is necessary but it generates some further issues for 
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managing the displacement movements of the laser beam or 
the scanning head. The number of placements can be often 
very high, in the order of thousands and they have to be 
repeated for every processed layer. The solution of the 
overlapping paths problem needs a strategic approach in order 
to forecast and control the overall machining time. 
The authors of this article propose to implement the 
Traveling Salesman Problem (TPS) with the aim of 
minimizing the airtime of a LT operation. 
2. Previous approaches 
The TPS problem is an already known problem in the field 
of the operative research. A description and the formulation of 
this problem will be discusses in the next sections. Many 
issues regarding minimizing path or finding the cheapest 
circuit, if the cost is not a length and is expressed by a 
formulation, can be traced by the TSP and an algorithm to 
solve it can be used. 
At first, the attention for optimizing the traditional milling 
processes was focused on the working time optimization, in 
this way the productiveness increased. Successively the 
interest to reduce the machining time was focused on the 
airtime, which is not a productive time and reduces efficiency 
and yield return of machining process. This time is relevant 
when small areas and lots of points have to be processed, as 
discussed in [1] by Castelino et al. 
A first implementation for reducing the path during the 
laser cutting of nested stock was discussed by Han and Na [2]; 
they developed a simple algorithm to find the optimal 
solution. Others applications of algorithms with the aim to 
reduce the displacement time are proposed by Oysu and 
Bingul [3] by means of a hybrid genetic algorithm to reduce 
the airtime, or by Kolahan and Liang [4] that considered not 
only the displacement time but also the time spent on tool 
change and the tool wear and maintenance. 
The authors tested the adopted solution on a free form 
object using a five axis CNC machine and described in the 
following pages. In scientific literature several articles dealt 
with the problem of machining a free form and the issue 
generated using a 5 axis CNC. For example, in the work by 
Lazoglu et al. [5] not only the path length but also the force 
generated by the tool during the machining was optimized. A 
second article by Stanislav Makhanov [6] described the 
optimization of the tool path of a 5 axis milling machine and 
in these case the movements of the tools was partially solved. 
3. A Computer Aided Laser Manufacturing system 
Authors already presented in [8] Computer Aided LASER 
Manufacturing system that was named CALM. It is a CAM 
software designed specifically for laser manufacturing 
(milling and texturing) to guarantee a correct processing usage 
of a 3 or 5 axes CNC machine. This software was developed 
in C++ language and it can be used on the different operating 
systems available on the market. 
A further software tool was then implemented in CALM 
for solving the TPS problem. 
3.1. Placement Triangles 
CALM processes the input surfaces and generates two 
triangulations, applying a classical algorithm proposed by 
Piegl in [7]. The first triangulation is generated minimizing the 
chordal error in order to approximate accurately the real raw 
surface and avoiding errors during machining; thus a high 
density of triangles characterizes this first triangulation. 
A second type of triangulation, which represents the 
placement of the scanning head, is created on the raw part for 
partitioning the working area and solving the problem 
described in the previous section. Those triangles have a larger 
area than the other, because they do not need to approximate 
as well as possible the surface of the raw part. The parameters 
that determine the size of the placement triangles area are 
dependent on the focusing ability of the machining head and 
on the geometry of the free form surface. They are: 
• Focusing distance. 
• Spot laser. 
• Curvature of the raw surface. 
• Presence of high depth to width ratio. 
Another aspect that must be considered for generating the 
placement triangulations is the Material Removal Rate 
(MRR): it is usually possible to remove about 1  µμm  of 
material for a single placement per each layer. A repetition of 
the placement triangulation per each layer determines a 
recursive error that is evident in the border of each triangle of 
the laser-machined surface. For this reason the raw part is 
divided into layers and then a different placement 
triangulation can be calculated for each layer because 
otherwise it is not possible to guarantee the highest quality of 
the machined surface. 
3.2. Output files 
CALM produces the following output files for all the 
devices of the laser milling system such as: 
• PROJECT. JOB: contains the list of the HPG files in the 
order in which they must be executed. 
• HPG files for the scanning head, these files contain the 
geometrical coordinates on which the source is switched on or 
off and the movements of the two galvanometric mirror of the 
head. 
• PP.ISO files describe the movement of the axes of the 
CNC in the G-code. The minimization of the number of 
displacements regards the PP.ISO file, as the path of the tool 
is contained in it. 
• PARAM.PRO contain the processing parameters for the 
laser source. 
4. Traveling Salesman Problem 
The geometry of the raw part is divided in layers by CALM 
and each of them is triangulated for solving the overlapping 
areas problem. To minimize the displacement time between 
the triangles the authors have analyzed the algorithms 
proposed to solve the Traveling Salesman Problem (TSP). The 
TSP consists in visiting a set of customers, only once, the 
 Author name / Procedia CIRP 00 (2014) 000–000  
target is minimizing the path length (airtime). The customers 
for CALM are the gravity center of the placement triangles. 
4.1. Mathematical description 
Given a graph (or a complete graph*) G = (V, E) where V = {1,2, . . , n}  is the set of vertex (customers) and E is the set 
of edges with an associated cost c!" with i, j ∈ V, the problem 
consist in finding the shortest (or the cheapest) Hamiltonian 
circuit, which is a close circuit that visits one and only one 
time each vertex of the graph. The mathematical model can be 
described by setting a decision variable as follows: 
 
              1, if the edge from 𝑖 to 𝑗 is chosen 𝑥!" =  
              0, otherwise 
 
In this article is represented the simplest mathematical 
model for TSP: 
 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒     𝑐!" ∙ 𝑥!"!!!!!!!!    (1) 
 
 𝑥!" = 1            ∀𝑗 ∈ 𝑉!!!!    (2) 
 
 𝑥!" = 1              ∀𝑗 ∈ 𝑉!!!!    (3) 
 𝑥!" ≤    𝑆 − 1            ∀  𝑆 ⫃ 𝑉 ∶ 𝑆 ≤ 𝑉 − 1  !∈!!∈!  (4) 
 
 𝑥!" ∈ 0,1               ∀𝑖, 𝑗 ∈ 𝑉   (5) 
 
The objective function (eq. 1) minimizes the total cost of 
the circuit. Eq. 2 describes a constraint condition or that is 
necessary to go one time in each vertex j ∈ V. Eq. 3 imposes a 
further constraint or that is necessary to exit exactly one time 
from the vertex. In this way each vertex is visited one and 
only one time. Eq. 4 clarifies another constraint: it is 
necessary in order to eliminate the possible Sub-Tours, 
otherwise the best solution will be a N-recursive circuit. 
In the scientific literature of operative research exists other 
mathematical models to express the constraints, like MTZ 
(Miller-Truckler-Zemlin) formulation, one-commodity 
formulation or the multi-commodity formulation. All those 
are different formulations to simplify the constraints in eq. 4. 
The mathematical procedure always finds an optimal solution, 
but in real cases the optimal solution can be hard to find. 
4.2. Computational complexity 
The TSP, unfortunately, is a difficult problem to solve also 
for small instances. The number of constraints increases much 
faster than the size of instances and there are no algorithms 
that can find the optimal solution in a practicable time. 
The class of this kind of problem in the operative research 
is named as NP-hard problem, Non-deterministic Polynomial-
time hard. The most diffused methods of solutions are: 
 
 
* In a complete graph exist an edge for each couple 𝑖; 𝑗 ∈ 𝑉, 𝑖 ≠ 𝑗 
• Heuristic Algorithms, most of them are freely available on 
the web. 
• Genetic Algorithm, that are difficult to be applied in our 
case due to the parameters setup. 
• Ant Colony Optimization, described by Dorigo in [8] [9]. 
5. The Concorde program 
Concorde is not an algorithm but a program developed in C 
ANSI code for solving TSP problems. It won several prizes in 
solving big instances [13] and it can be considered the state of 
art of TSP's solvers. Concorde usually finds a good solution in 
few seconds for an instance with thousand of vertexes and 
presents a small gap than the optimal mathematical solution. 
The software is free for research scope and is available as 
source code or as user-friendly program. In this work the 
source code was adopted. Concorde contains more than 700 
functions, it can solve different kinds of TSP and uses 
different algorithms for finding as fast as possible the better 
solution. 
Concorde is based on is the chained Lin-Kernighan 
heuristic algorithm. 
5.1. Chained Lin-Kernighan Heuristic (LKH) 
CALM triangulates each layer of the free-form surfaces. 
The chained Lin-Kernighan Heuristic (LKH) algorithm can 
solve efficiently a 2D-TSP. LKH startegy for a 2D instance 
can be summarized in the following points: 
• Create a random Hamiltonian tour. 
• Calculate the gain of swapping two or three vertex’s 
position in the tour. LKH decides if swapping two or three 
vertex and uses the best logic improvement, thus each gain 
is evaluated. 
• Swap the most positive profitable set of vertex and return 
to the previous point. 
If the gains are all equal to zero or negative, accept a worst 
solution in anticipation of finding the best solution among the 
acceptable current ones. 
The loop continues until a parameter is reached, like 
number of iterations, percentage of gap, value, etc. 
To avoid the possibility to dedicate too much times to the 
same set of vertexes, a tabu-list that penalize the too recurring 
changes is created. A full description of LKH is proposed in 
[13]. 
This algorithm solves well the 2D–TSP when the Triangle 
Inequality condition is guaranteed: 
 
 ∀   𝑖, 𝑗 ∈ 𝑉,∄𝑘 ∈ V ∶ c!" + c!" < c!"     (6) 
 
This request is respected by CALM and it gives to 
Concorde as input file a matrix in TSPLIB format. TSPLIB is 
a language developed specifically for the TSP problems. In 
this file is contained the description of the problem to be 
solved: the TSP type, the number of the edges, the type of the 
edge costs (Euclidean Distances, Geographical Coordinates, 
Explicit). CALM calculates the costs between the barycenter 
of the triangles, so the edge costs are explicit. 
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5.2. Integration CALM-Concorde. 
During the elaboration of a single layer, CALM selects the 
triangles that have to be processed, generates the HPG file and 
before writing the PP.ISO file, it calculates the costs to 
connect each couple of triangles. Concorde is then used to 
optimize the costs. The triangles indexes and the related 
distances are described in the TSPLIB file that CALM 
exchanges with the Concorde program. 
Then Concorde returns to CALM the file with the sequence 
of the triangles that minimize the airtime.  
Finally CALM writes the optimized PP.ISO file and passes 
at the next layer. 
6. Matrix Cost calculation 
The authors of this article focused their attention on 
calculating the matrix of operational cost by evaluating the 
cost due to the real airtime of the CNC machine. Concorde is 
a very efficient resolver but in this article will be not 
discussed in deep details. 
Three different approaches have been considered and the 
part program has been generated: (a) the “Not Optimized 
Solution” , (b) the “3D Euclidean distances” and (c) the “5X 
time distances” 
6.1. Not Optimized Solution 
In this case CALM generate the PP.ISO file without 
optimizing the sequence. The path is random as generated by 
the triangulation alghorithm and generally the cycle is time-
expensive. 
6.2. 3D Euclidean Distance approach  
In the TSPLIB file passed to Concorde, CALM calculates 
the distances in mm by considering the length of the segment 
which connects the center of gravity of the two triangles. The 
used formula is: 
 𝑑 = (𝑥! − 𝑥!)! + (𝑦! − 𝑦!)! + (𝑧! − 𝑧!)! (7) 
 
Concorde calculates the solution that does not represent the 
minimum airtime but the minimum path for the considered 
layer. Using this method on a 5 axis system can produce non-
optimized solutions. The curvature of the surface is not 
considered and this can produce unnecessary rotations and 
large displacements of the scanning head due to the focus 
distance that is normally relevant. 
6.3. 5X Time approach 
The approach introduces the cost of the real axes 
movements in the optimization code. This operation can be 
done by investigating the machine architecture. In Fig. 2 the 
machine architecture is shown: translation axes are X, Y and 
Z; their values are referred to the home position of the CNC 
system represented by the coordinate frame OG. For a given 
placement the point P represents the position of the laser spot 
on the work-piece, while Q is the position of the scanning 
head that is moved and controlled by the CNC axis. The 
rotations A and B are referred, respectively, to X and Y. 
 
 
Fig.2 – Machine architecture. 
CALM evaluates the positions of P in the work-piece 
reference system OP and the optimization performed by using 
the 3D Euclidean distance approach is evaluated in this 
reference system. The proposed advanced 5X method requires 
the evaluation of the movements of Q referred to the reference 
OG; this is obtained at first by evaluating the point QP in the 
reference OP: 
 
     (8) 
 
The transformation matrix 𝑇!→! can be written as below: 
 
 (9) 
 
where f is the focal length. The matrix is obtained by applying 
the two rotation T!,! , T!,!  and the translation T!,! 
perpendicularly to the surface. 
The transformation 𝑄! = 𝑇!→!  𝑄!  from the system 𝑂!  to 
the system 𝑂! is obtained by means of the following matrix: 
 
  (10) 
 
Where 𝛿!,!, 𝛿!,! and 𝛿!,! are the position of the work-piece 
reference system respect the rotary table and   𝜗!  is the 
rotation. The transformation of the position of Q in the system 𝑂! is done by 𝑄! = 𝑇!→!  𝑄! where: 
 
QP = TP!Q ·P
2 L.O.
1. Trasformazione nel sistema del mandrino OA
Nel part program generato per la lavorazi ne laser ad un piazzamento del galvo scanner
corrisponde una di P nel sistema pezzo ovvero una posizione del punto Q nel sistema OP
(1) QP = TP!Q ·P
La matrice TP!Q la si ottiene come composizione dello spostamento TP,f dovuto alla
lunghezza focal f e delle due rotazioni TP,A e TP,B attorno rispettivamente all’asse x ed
y del sistema pezzo.
(2)
TP!Q = TP,B·TP,A·TP,f =
2664
cos(B) sin(A) sin(B) cos(A) sin(B) f cos(A) sin(B)
0 cos(A)   sin(A)  f sin(A)
  sin(B) sin(A) cos(B) cos(A) cos(B) f cos(A) cos(B)
0 0 0 1
3775
dove
(3) TP,f =
2664
1 0 0 0
0 1 0 0
0 0 1 f
0 0 0 1
3775
(4) TP,A =
2664
1 0 0 0
0 cos(A)   sin(A) 0
0 sin(A) cos(A) 0
0 0 0 1
3775
(5) TP,B =
2664
cos(B) 0 sin(B) 0
0 1 0 0
  sin(B) 0 cos(B) 0
0 0 0 1
3775
Supponiamo che il sistema di riferimento pezzo sia montato sulla tavola con degli o↵set
rispetto all’ori ine OA pari a { P,x,  P,y,  P,z} e sia ruotato dell’angolo ✓P , altre rotazioni
non vengono considerate. La matrice per trasformare il puntoQP nel sistema di riferimento
della tavola rotante e` il seguente:
(6) QA = TP!A ·QP
(7) TP!A =
2664
cos (✓P )   sin (✓P ) 0  P,x
sin (✓P ) cos (✓P ) 0  P,y
0 0 1  P,z
0 0 0 1
3775
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with 𝛿!,! , 𝛿!,!  and 𝛿!,!  that represents the position of the 
reference 𝑂! respect to 𝑂!. There is a final translation from 
system 𝑂! to system 𝑂!  represented by a matrix 𝑇!→! . 
Then the overall transformation is: 
  𝑄! = 𝑇!→! ⋅ 𝑃 = 𝑇!→! ⋅ 𝑇!→! ⋅ 𝑇!→! ⋅ 𝑇!→! ⋅ 𝑃  (12) 
 
the matrix 𝑇!→!  contains 12 non trivial coefficients: 
 
  (13) 
 
The distances between successive positions of Q points are 
invariant respect 𝛿!,!  and respect 𝑇!→!  moreover, for 
simplicity, it is possible to consider the work-piece reference 𝑂! =   𝑂!. With these assumptions the coefficients of 𝑇!→!  
become: 
 
 
 
 
Fig.3 – Motion law 
 
It is now possible to assume that the law of motion for 
every axis can be approximated as in Fig. 3 where 𝐹!"# is the 
nominal feed and 𝑡! is the acceleration and deceleration time 
of the given axes; under these conditions the time requested 
for a displacement equals to 𝑠 is given by Eqn. 14. 
         𝑡 = !!!"# + 𝑡!                        𝑖𝑓  𝑠 > !!"#  !!!𝑡 = 2 !!!"#   𝑡_𝑎                  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒   (14) 
 
The adopted nominal feed, acceleration and deceleration 
time were experimentally measured and are reported below in 
Tab. 2. 
 
Table 2 – Experimentally measured motion laws 
Axes Fnom ta 
X 218 mm/s 0.239 s 
Y 218 mm/s 0.246 s 
Z 218 mm/s 0.245 s 
A 2.12 rad/sec  0.207 s 
B 0.87 rad/sec  0.156 s 
 
 
For each movement it is possible to calculate the required 
time by each axis to reach the final position. 
The final cost will be given by the maximum value 
amongst them: 𝑑 = max  (𝑡!, 𝑡!, 𝑡!, 𝑡!, 𝑡!  ). 
 
7. Numerical and experimental results 
The experiments were conducted by processing a feature 
on a free form surface with a circular planar projection. The 
feature is shown in Fig. 4. It is composed of 0.98 billion 
triangles processed in 3043 placements which sequence have 
to be optimized. 
 
 
Fig.4 – The feature to process. 
 
In Fig. 5 the sequence of placements was generated by 
listing one by one the placement triangulation. 
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2. Trasformazione nel sistema della bascula OB
La trasformazione nel sistema della bascula la si ottiene considerando la distanza del
mandrino rotante dalla bascula ovvero il vettore { A,x,  A,y,  A,z} e la rotazione della bascula
rappresentata dall’angolo B.
(8) QB = TA!B ·QA
(9) TA!B =
2664
cos(B) 0 sin(B)  A,z sin(B) +  A,x cos(B)
0 1 0  A,y
  sin(B) 0 cos(B)  A,z cos(B)   A,x sin(B)
0 0 0 1
3775
3. Trasformazione nel sistema globale OG
Questa trasformazione e` una mera traslazione per la quale:
(10) QG = TB!G ·QB
(11) TB!G =
2664
1 0 0  B,x
0 1 0  B,y
0 0 1  B,z
0 0 0 1
3775
La trasformazione totale per avere gli spostamenti riferiti al sistema globale risulta
(12) QG = TP!G ·P = TB!G ·TA!B ·TP!A ·TP!Q ·P
I 12 coe cienti non banali della matrice TB!G ovvero:
(13) TB!G =
2664
gr11 gr12 gr13 gt14
gr21 gr22 gr23 gt24
gr31 gr32 gr33 gt34
0 0 0 1
3775
risultano essere:
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(16)
8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:
gr11 = cos2(B)  sin2(B)
gr12 = 2 sin(A) sin(B) cos(B)
gr13 = 2 cos(A) sin(B) cos(B)
gt14 = cos(B) A,x + sin(B) A,z + 2f cos(A) sin(B) cos(B)
gr21 = 0
gr22 = cos(A)
gr23 =   sin(A)
gt24 =  f sin(A)
gr31 =  2 sin(B) cos(B)
gr32 = sin(A) cos2(B)  sin(A) sin2(B)
gr33 = cos(A) cos2(B)  cos(A) sin2(B)
gt34 =   sin(B) A,x + cos(B) A,z + f cos(A) cos2(B)  f cos(A) sin2(B)
4. Valori numerici
Table 1. Valori numerici
Parametro valore
f 160 mm
 P,x 0.0
 P,y 0.0
 P,z 0.0
✓P 0.0
 A,x 100.082 mm
 A,y 0.0
 A,z 116.87 mm
 B,x 0.0
 B,y 0.0
 B,z 0.0
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Fig.5 – Non optimized sequence 
Fig. 6 shows the result of the optimization based on the 3D 
euclidean distance. The sequence seen from the top view is 
intuitively less time-comsuming respect the previous one. 
 
 
Fig.6 – 3D Euclidean Distance approach  
In Fig. 7 the optimization based on the calculation of the 5 
axes movements and the machine dinamics. Apparently the 
results are casual but the total time of processing was 
substanzially reduced as indicate in Table 3.  
Table 3 – Experimentally laser processing time 
Method Experimental Measured Time 
 [s] 
Gain 
[%] 
As is 2775 - 
3D euclidean 1939 30.1 
5X time 1715 38.2 
The calculation time of the TSP optimizion is of the order 
of 2 minutes that appear negligible respect the overall 
computation time requested to generate the Part Program. 
 
Fig.7 – The feature to process. 
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